We report on the room temperature thermal conductivity of AlAs-GaAs superlattices (SLs), in which we systematically vary the period thickness and total thickness between 2 − 24 nm and 20.1 − 2,160 nm, respectively. The thermal conductivity increases with the SL thickness and plateaus at a thickness around 200 nm, showing a clear transition from a quasi-ballistic to a diffusive phonon transport regime. These results demonstrate the existence of classical size effects in SLs, even at the highest interface density samples. We use harmonic Atomistic Green's function calculations to capture incoherence in phonon transport by averaging the calculated transmission over several purely coherent simulations of independent SL with different random mixing at the AlAs-GaAs interfaces. These simulations demonstrate the significant contribution of incoherent phonon transport through the decrease in the transmission and conductance in the SLs as the number of interfaces increases. In spite of this conductance decrease, our simulations show a quasilinear increase in thermal conductivity with the superlattice thickness. This suggests that the observation of a quasilinear increase in thermal conductivity can have important contributions from incoherent phonon transport. Furthermore, this seemingly linear slope in thermal conductivity vs. SL thickness data may actually be non-linear when extended to a larger number of periods, which is a signature of incoherent effects. Indeed, this trend for superlattices with interatomic mixing at the interfaces could easily be interpreted as linear when the number of periods is small. Our results reveal that the change in thermal conductivity with period thickness is dominated by incoherent (particlelike) phonons, whose properties are not dictated by changes in the AlAs or GaAs phonon dispersion relations. This work demonstrates the importance of studying both period and sample thickness dependencies of thermal conductivity to understand the relative contributions of coherent and incoherent phonon transport in the thermal conductivity in SLs.
I. INTRODUCTION
Superlattices represent a group of metamaterials that have attracted considerable attention over the past few decades due to their promise as material solutions in thermoelectric devices 1,2 and applications in quantum cascade 3 and vertical cavity surface emitting lasers. 4 In addition to the vast application space of superlattices (SLs), these nanostructures provide a means to test for the existence of coherent phonons, or when the phase difference between two spatio-temporal points of a vibrational wave remain constant. [5] [6] [7] [8] For SLs, two length scales affect thermal transport: long range and short range boundary scattering. Long range boundary scattering occurs when phonons with mean free paths (mfp) of the order of the superlattice thickness, L, scatter at the sample boundary. Short range boundary scattering takes place when phonons with mfps of the order of the superlattice period thickness, d SL , scatter at the internal interfaces. The interplay between phonon scattering at period boundaries and sample boundaries is not fully understood, 9 partially due to discrepancies in literature data on thermal conductivity of SLs (κ SL ).
To illustrate this problem, we motivate with two material system SL examples: aluminum arsenide-gallium arsenide (AlAs-GaAs) and silicon-germanium (Si-Ge) SLs, both of which have been extensively studied. 6, [10] [11] [12] [13] [14] [15] [16] Fig. 1B and 1D . For AlAs-GaAs SLs, Luckyanova et al. 6 reported a linear increase in κ SL as a function of L. However, the study limited the total thickness to a maximum of 216 nm and the period thickness to 24 nm, and thus could not study the effects of smaller d SL and larger L on phonon transport. Capinski et al. 10 studied AlAs-GaAs SLs where the period thickness and total thickness varied simultaneously. In contrast to Luckyanova's data, their data did not show any clear trend with L. For Si-Ge SLs, a more pronounced discrepancy can be observed. While Borca-Tasciuc et al. 12 reported a decrease in ther-
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Si-Ge Si-Ge mal conductivity with period thickness, Chakraborty et al. 13 reported a minimum in κ SL at d SL = 7 nm. The samples in these two studies had similar values of d SL and L. Moreover, Lee et al. 11 showed no clear trend in neither d SL nor L. It is worth noting that the larger discrepancy in Si-Ge superlattices could be due to the large lattice mismatch between Si and Ge ( ∼ 4%), and thus, the AlAs and GaAs SL system, which exhibits a lattice mismatch of ∼ 0.2%, is a better suited material system to study the physics of phonon thermal transport across periodic structures. Based on previous studies, no conclusive trend in the dependence of thermal conductivity on d SL or L can be drawn. As a result, the interplay between short and long range boundary scattering is not fully understood and requires a systematic experimental study that isolates the contributions of each of these mechanisms to phononic thermal transport. Most importantly, an understanding of the interplay between these different length scales of boundary scattering is a necessity to fully elucidate the fundamental mechanisms of coherent phonon transport, as these theories are based on the trends in both period and thickness dependency of the thermal conductivity of SLs. [5] [6] [7] Currently, the experimental data that exist in the literature leaves holes in the existing understanding of nature, behavior and spectral scope of coherent transport in SLs.
In this work, we report on experimental measurements of the cross-plane thermal conductivities of three sets of AlAs-GaAs SLs of period thicknesses of 2, 12, and 24 (E) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.
nm with varying sample thicknesses ranging from 20.1 to 2,160 nm and a 50:50 volume fraction. In this way, we systematically create a mesh of superlattices with varying L and d SL values over which the thermal conductivity is measured. Our experimental results demonstrate the existence of classical size effects in SLs, even at the highest interface density samples. To understand the contributions of coherent and incoherent phonon transport in the regime where κ SL varies quasi-linearly with L, we perform harmonic non-equilibrium Green's function calculations. Our analysis suggests that the observation of a linear-like increase in thermal conductivity as a function of SL thickness, L, could have significant contributions from incoherent phonon transport. This work demonstrates the importance of studying both period and sam-ple thickness dependencies of thermal conductivity to understand the relative contributions of coherent and incoherent phonon transport in the thermal conductivity of SLs.
II. EXPERIMENTAL RESULTS
Samples were grown using molecular beam epitaxy (MBE). It has been shown that MBE produces interfaces between AlAs and GaAs that exhibit up to three monolayer wide interfacial mixing layer. 18 Figures 2A and 2B show scanning transmission electron microscope (STEM) images of two of the superlattice samples confirming a high interface quality. In general, an intermixing layer of the order of ∼1 nm is observed with the initial few monolayers showing strong intermixing and subsequent layers showing reduced intermixing. Details of sample growth and thermal measurements are given in the Supplemental Material. 17 Cross-plane thermal conductivities at room temperature, measured with time-domain thermoreflectance [19] [20] [21] (details in the Supplemental Material), 17 are plotted versus L in Fig. 2C and versus d SL in Fig. 2D . For the three different period thickness sample sets, the thermal conductivity increases quasi-linearly with L followed by a plateau for thickness larger than ∼200 nm. A linear slope indicates ballistic phonon transport, or phonon flow without momentum backscattering within the sample. In this case, phonon scattering comes only from the boundaries of the sample. A plateau indicates diffusive transport, or flow dictated by phonon scattering within the sample. The dependence of κ SL on L for L < 200 nm demonstrates the existence of long-range boundary scattering, or classical size effects, 22 even in the SLs with highest interface density (d SL = 2 nm). This is also apparent by examining the trends in κ SL vs. d SL for the thinnest samples (L ≈ 24 nm) in Fig. 2D . For this sample thickness, κ SL becomes nearly independent of d SL , and is thus limited by scattering at the sample boundary (L) and not the period boundaries spaced by d SL . This is a clear indication of quasi-ballistic transport. The transition from quasi-ballistic to diffusive transport takes place when the effective mfp becomes comparable to the total thickness and phonons diffusively scatter within the SL instead of at the SL-substrate interface. We note that these trends in κ SL vs. L are similar at lower temperatures also, as shown in Fig. 2E , suggesting that the mechanisms of heat transfer are dictated by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are altered.
The ballistic-diffusive transition is also present in the thermal conductivity data of thin film GaAs (Fig. 2C ). The fact that this transition occurs at nearly the same thickness of the SL films, for all values of d SL , and the same thickness of the GaAs films suggests that boundary scattering of long mfp (low frequency) phonons at the film/substrate interface is limiting thermal transport in these structures. 9 The inclusion of interfaces via SLs impedes short mfp phonons leading to a reduction in the magnitude of thermal conductivity of SLs as compared to thin film GaAs.
III. DISCUSSION AND MODELING: COHERENT VS. INCOHERENT EFFECTS
Several works on thermal transport in SLs reported a minimum in κ SL as a function of d SL that denotes a crossover from coherent transport (wavelike) at short d SL to incoherent transport (particlelike) at larger d SL . 5, 7, 13, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] We are not aware of a systematic study of the dependence of κ SL on both d SL and L in these per-vious works. Furthermore, a range of different interpretations for the existence or absence of a minimum have been posed. The most common interpretation explains the minimum as a product of the competition between the reduction in phonon group velocity due to miniband formation at short period thicknesses and the increase in the total phonon lifetimes as the period thickness increases. 7, 30, 39 The absence of the minimum has been attributed to interfacial defects, 24, 25, 28 large lattice mismatch between the SL constituent materials, 27 short phonon coherence length as compared to d SL , 5,31 dominance of anharmonic scattering processes, 5, 27 or periodicity disorder as in random multilayers 33, 34 and quasiperiodic SLs. 32, 35 These different factors destroy wave coherence increasing the relative contribution of incoherent phonons to thermal transport. This increased role of particle-like phonons dictates the increasing trend in κ SL versus d SL over the opposite trend produced by coherent phonons. Our data shows only an increasing trend of κ SL versus d SL (Fig. 2D) . The absence of a minimum from our data on AlAs-GaAs SLs can be explained in terms of the short phonon coherence length, which was previously estimated to be of the order of one nanometer for bulk GaAs. 5, 40 In addition, the existence of interfacial mixing layer can mask the minimum in κ SL . 16, 30, [41] [42] [43] In the light of the several literature reports and the trend in our data shown in Fig. 2D , one could posit that the change in κ SL with d SL is driven by incoherent phonons that are not dictated by miniband formation. However, Luckyanova et al. 6 recently interpreted the linear dependence of κ SL on L, an indicator of ballistic transport, as a proof that coherent phonons dominate heat conduction in AlAs-GaAs SLs of d SL = 24 nm and L = 24−216 nm. Luckyanova suggested that in the ballistic regime, phonon conductance and transmission remain constant even though more interfaces are added to the sample as its length increases. This is only possible if phonons preserve their phase information as they propagate through the internal interfaces. As a result, they "see" the SL as a new homogeneous material and their transport properties are governed by miniband formation in the dispersion curve. Our data suggest that although coherent phonon transport could contribute to the linear dependence of κ SL on L (for L < 200 nm), the variation of κ SL with d SL is driven by incoherent phonons, even thought phonon transport through the SL is still quasiballistic.
To further substantiate the findings from the experimental results presented in Figs. 2C and 2D, we calculate the thermal conductance of GaAs-AlAs SL using a harmonic Atomistic Green's functions (GF) analysis, which naturally accounts for coherent effects in phonon transport (including miniband formation), unlike semi-classical Kinetic Theory-based models, which require pre-assumed input to calculate coherent effects on κ SL (see the Supplemental Material 17 for discussion of Kinetic Theory-based 44, 45 and Boltzmann Transport Equation-based 46-50 modeling of phonon transport in the AlAs-GaAs SLs, including modeling validation with existing bulk thermal conductivity data, 44,51-54 determining spectral phonon scattering rates using DFT, 47, 48, 55 and estimates for the thermal conductivity accumulation and spectral mean free paths of the phonons in the AlAs-GaAs SLs based on Kinetic Theory modeling 55, 56 ). Within this Atomistic Green's function formalism, the conductance is given by 57-59
with ω the phonon energy, k B the Boltzmann constant, f the Bose-Einstein distribution, T the temperature and M T the sum of all the transmissions over all of the phonon modes from a left-contact to a rightcontact. For the simulations presented here, the interatomic force constants for GaAs and AlAs were calculated from Density Functional Perturbation Theory using Quantum Espresso. 60, 61 Note that at T = 300 K, the heat capacity per mode is nearly constant ( ω∂f /∂T ≈ k B ) over the available phonon spectrum, and thus the conductance is approximately proportional to the area under M T (Eq. 1). Details of the calculations are given in the Supplemental Material, 17 and we note that we have benchmarked our GF algorithms against various previous works in the literature, including those simulating random interatomic mixing at interfaces, as described in our previous works. 62, 63 To explore the contribution of coherent phonon transport on the thermal conductance, we simulate SLs with perfect interfaces and SLs with interatomic mixing at the interfaces. Phonon transport is fully coherent for the SLs with perfect interfaces due to the construction of the GF method. On the other hand, the stochasticity of the interatomic mixing at the interfaces creates spatial incoherence. This type of incoherence is captured by our GF simulations when we average the transmission over several purely coherent simulations of independent SL with different random mixing at the interfaces. 64 When the SLs have perfect interfaces and phonon transport is purely coherent, the conductance across the SL initially decreases and then levels off as the thickness of the SL increases (Fig. 3A) . This leveling off of the conductance is a direct consequence of coherent phonon transport, since the conductance does not decrease in spite of increasing the number of interfacial scattering centers, consistent with the discussions in Ref. 6 . The initial decrease in the conductance results from the decrease of the transmission of SL phonons that are evanescent in a infinitely long superlattice. Those phonons do not fully decay in a SL with a few periods because interference is not strong enough at these length scales. Figure 3A also shows that the conductance is independent of the period thickness for the SL with 12 nm and 24 nm period (for periods larger than ∼ 4 nm, assuming perfect interfaces).
Even in the absence of phonon-phonon interactions, when random interatomic mixing is added at the interfaces, incoherent phonon transport becomes increasingly important as the number of interfaces increases. Our simulations show that both the conductance, G, and transmission, M T , decrease monotonically as the number of periods increases (Fig. 3A interfaces. For SLs with perfect interfaces, the slope is nearly independent of the period. For SLs with mixed interfaces, the slope seems linear in spite of incoherent phonon transport. We note that this calculated value for κSL,GF does not include phonon-phonon interactions.
Supplemental Material, 17 respectively). Since the conductance does not become constant after a few periods, most of the phonons never "see" the SL as a new homogeneous material and heat conduction cannot be completely coherent. Instead, as the number of interfaces increases, transmission decreases rapidly and incoherent transport becomes the dominant effect.
Our simulations of phonon transport in the SLs with mixing at the interfaces suggest that the conductance depends on the number of periods in the sample but not on the period itself, as long as the period is larger than 4 nm (note, as previously mentioned, our simulations do not account for phonon-phonon interactions). Figure 3B shows that M T for SLs with period thicknesses of 12 nm (6 nm AlAs-6 nm GaAs) and 24 nm (12 nm AlAs-12 nm GaAs) are the same when the number of periods of the samples are equal, which follows from the lack of scattering in between interfaces in our simulations. Our experimental data confirms this result for samples shorter than 100 nm as the conductance of the 24 nm and 12 nm period samples follow a single curve (Fig. 3C) ; note, these experimental trends are qualitatively well captured by our simulations with interatomic mixing in Fig. 3A . The dependency of the conductance only on the number of periods for samples shorter than 100 nm, implies that conductance is not independent of length since longer samples with more periods have less conductance (Fig. 3C ). This also explains the experimentally observed increase in the slope of κ vs. L from the 12 nm period to the 24 nm period sample. At a given length, the 24 nm period samples have half the number of periods of the 12 nm period sample. This translates to a larger M T , a larger conductance, and thus a larger slope in κ.
It is interesting to note that the conductances of the 2 nm period samples are higher than that of the 24 and 12 nm samples ( Fig. 3A and C) . We hypothesize that this increase is due to a transition to alloy-like behavior in phonon transport for the 2 nm period SLs, which is supported due to the few monolayers of compositional mixing that we observed in all of our samples around the AlAs-GaAs interfaces. Our simulations suggest this is not due to coherent miniband formation, 5,7,39 since the features of M T for the 2 nm period SLs with and without interatomic mixing at the interfaces have different features (Fig. 3B) .
Our GF analysis suggests that a seemingly linear slope in κ vs. L may actually contain important contributions from incoherent phonon transport. This linear slope in κ vs L, which has been ascribed to coherent phonon transport, 6 may actually be non-linear when extended to a larger number of periods, which is a signature of incoherent effects. We show these GF results in Fig. 4 , where we plot the GF-simulated thermal conductivity of various SLs (κ SL,GF ) with atomically smooth "(S)" and mixed "(M)" interfaces as a function of total SL thickness, L. Note, this calculated value of κ SL,GF does not include phonon-phonon interactions. As shown in Fig. 4 , the trend in κ SL,GF vs L for superlattices with interatomic mixing at the interfaces could easily be interpreted as linear when the number of period is small. Nevertheless, the calculated transmission, M T , of these "mixed" SL show a strong decay of the phonon transmission as the number of periods increases, which suggests incoherent contributions to phonon transport.
IV. SUMMARY
In summary, we presented thermal conductivity measurements on AlAs-GaAs SLs with at wide range of sample thicknesses and period thicknesses. These results demonstrate the existence of classical size effects in SLs even at the highest interface density samples. Coupled with harmonic Green's function calculations, our results suggest that the observation of a quasilinear increase in thermal conductivity can have important contributions from incoherent phonon transport, even through the transport is still in the ballistic regime. This work demonstrates the importance of studying both period and sample thickness dependencies of thermal conductivity to understand the relative contributions of coherent and incoherent phonon transport in the thermal conductivity in SLs.
